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ABSTRACT
This paper extends the results from the author’s previous paper to consider finite, fiber- and orientation-
preserving group actions on closed, orientable Seifert manifolds M that fiber over a non-orientable
base space. An orientable base space double cover M˜ of M is constructed and then an isomorphism
between the fiber- and orientation-preserving diffeomorphisms of M and the fiber- and orientation-
preserving actions on M˜ that preserve the orientation on the fibers and commute with the covering
translation is shown. This result and previous results lead to a construction of all actions that satisfy a
condition on the obstruction class and the structure of the finite groups that can act on M .
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1 Introduction and preliminary definitions
1.1 Introduction
In the author’s previous paper Finite, fiber- and orientation-preserving group actions on orientable Seifert manifolds
with orientable base space [1], a construction of a finite, fiber- and orientation-preserving group action on a given
Seifert manifold with an orientable base space was shown. This construction is founded upon the way a Seifert manifold
is put together as Dehn fillings of S1 × F . Here F is a surface with boundary. The construction is - in a general sense -
to take a product action on S1 × F and extend across the Dehn fillings. We refer to these actions as extended product
actions.
The main result in [1] shows that given a finite, orientation and fiber-preserving action on a Seifert manifold with an
orientable base space, the action can be constructed as an extended product action - provided it satisfies a condition on
the obstruction class of the Seifert manifold.
In this paper we consider extending these results to the non-orientable base space case. This is done by constructing
an orientable base space double cover M˜ of M and then showing an isomorphism between the fiber- and orientation-
preserving diffeomorphisms of M˜ and the fiber- and orientation-preserving actions on M that preserve the orientation
on the fibers and commute with the covering translation.
Specifically, we prove:
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Theorem 3.1. Let M be an orientable Seifert fibered manifold that fibers over an orbifold B that has non-orientable
underlying space and q : M˜ → M be the orientable base space double cover. Let the covering translation be
τ : M˜ → M˜ . Then there exists an isomorphism between Difffp+ (M) and Centfop+ (τ).
Finite groups of automorphisms on Seifert manifolds have been considered by J. Kalliongis and A. Miller in the
particular case of Lens spaces in Geometric group actions on lens spaces [2] and in Actions on lens spaces which
respect a Heegaard decomposition [3]. J. Kalliongis and R. Ohashi considered another specific case of prism manifolds
in Finite group actions on prism manifolds which preserve a Heegaard Klein bottle [4]. Lens spaces double cover prism
manifolds and lens spaces have orientable base space whilst prism manifolds can be fibered over a nonorientable base
space (P2 with a cone point). This motivates the work of this paper to consider how the actions on the lens spaces relate
to the actions on the prism manifold and more generally, how the actions on a manifold with nonorientable base space
relate to the actions on its double cover with orientable base space.
Theorem 3.1 allows us to see a construction of actions on a Seifert manifold with a non-orientable base space as a
projected extended product action and shows that provided satisfaction of the obstruction condition on the lifted action
on M˜ all such actions are constructed this way.
In particular, a fiber- and orientation-preserving action on an orientable Seifert manifold with non-orientable base space
can be constructed as a projected action of the extended product action type shown in [1] provided the lifted action
satisfies the obstruction condition.
The structure of the groups that can act this way is then considered and presented in Section 5. The specific result is as
follows:
Corollary 5.3. Suppose that ϕ : G→ Diff(M) is a finite group action on an orientable Seifert manifold with a non-
orientable base space. Then provided that the unique lifted group action ϕ˜ : G→ Diff(M˜) satisfies the obstruction
condition, G is isomorphic to a subgroup of Z2 ×H where H is a finite group that acts orientation-preservingly on the
orientable base space of M˜ .
1.2 Preliminary definitions
We now give some preliminary definitions. Let M be an oriented smooth manifold of dimension 3 without boundary
and G be a finite group. We let Diff(M) be the group of self-diffeomorphisms of M , and then define a G-action on
M to be an injection ϕ : G → Diff(M). We use the notation Diff+(M) for the group of orientation-preserving
self-diffeomorphisms of M .
M will be assumed to be an orientable Seifert-fibered manifold. We use the original Seifert definition. That is, a Seifert
manifold is a 3-manifold such that M can be decomposed into disjoint fibers where each fiber is a simple closed curve.
Then for each fiber γ, there exists a fibered neighborhood (that is, a subset consisting of fibers and containing γ) which
can be mapped under a fiber-preserving map onto a solid fibered torus. Seifert manifolds were first introduced by H.
Seifert in his dissertation Topologie Dreidimensionaler Gefaserter Räume [5].
We call a Seifert bundle a Seifert manifold M along with a continuous map p :M → B where p identifies each fiber to
a point. Here B is an 2-orbifold without boundary or mirror lines - that is some underlying space BU along with some
cone points of various degrees referring to the critical fibers. Given an orientable (and oriented) base space it is possible
to remove the critical fibers; take a section of the bundle; and then orient the fibers according to the normal vector to the
surface.
A G-action is said to be fiber-preserving on a Seifert manifold M if for any fiber γ and any g ∈ G, ϕ(g)(γ) is some
fiber of M . We use the notation Difffp(M) for the group of fiber-preserving self-diffeomorphisms of M (given
some Seifert fibration). We use the terminology fiber-orientation-preserving, if an action is fiber-preserving and
preserves the orientation of the fibers. For this we use the notation Difffop(M). Note that from above this is only
in the case of an orientable (and oriented) base space. Given a fiber-preserving G-action, there is an induced action
ϕBU : GBU → Diff(BU ) on the underlying space BU of the base space B. This is given by ϕBU (g) = p◦ϕ(g)◦p−1
for each g ∈ G and then ϕBU (G) = GBU . Note that this is well defined as for any given b ∈ B and distinct x1, x2 ∈M ,
by definition (p ◦ ϕ(g))(x1) = (p ◦ ϕ(g))(x1).
Given a finite action ϕ : G→ Difffp(M), we define the orbit number of a fiber γ under the action to be #Orbϕ(γ) =
#{α|ϕ(g)(γ) = α for some g ∈ G}.
If we have a manifoldM , then a product structure onM is a diffeomorphism k : A×B →M for some manifoldsA and
B. For further information we refer the reader to J.M. Lee’s Introduction to Smooth Manifolds [6]. If a Seifert-fibered
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manifold M has a product structure k : S1 × F → M for some surface F and k(S1 × {x}) are the fibers of M for
each x ∈ F , then we say that k : S1 × F →M is a fibering product structure of M .
We say that a G-action ϕ : G→ Diff(A×B) is a product action if for each g ∈ G, the diffeomorphism ϕ(g) : A×
B → A×B can be expressed as (ϕ1(g), ϕ2(g)) where ϕ1(g) : A→ A and ϕ2(g) : B → B. Here ϕ1 : G→ Diff(A)
and ϕ2 : G→ Diff(B) are not necessarily injections.
Given an action ϕ : G → Diff(M) and a product structure k : A × B → M , we say that ϕ leaves the product
structure k : A×B →M invariant if ψ(g) = k−1 ◦ ϕ(g) ◦ k defines a product action ψ : G→ Diff(A×B).
2 Seifert manifolds with non-orientable base space
Orientable Seifert manifolds that fiber over a orientable base space B can be constructed by taking an S1 bundle over
an orientable surface with boundary and Dehn filling the torus boundary components. This yields a Seifert manifold
that we denote by
(g, o1|(q1, p1), . . . , (qn, pn)), qi > 0
. Here o1 denotes the orientability of F and g denotes its’ genus. (qi, pi) denote the fillings.
Orientable Seifert manifolds can also however fiber over a non-orientable base space B. An example is of the prism
manifolds which can fiber over P2(n), a projective plane with a cone point.
We use the notation
(g, n2|(q1, p1), . . . , (qn, pn)), qi > 0
where n2 indicates that the underlying surface of the base space is diffeomorphic to a connected sum of g copies of
P2. The notation here is an accepted adaptation of the original Seifert notation, and note that n2 (and o1) are simply
symbols indicating the orientability of the Seifert manifold and the orientability of the base space.
Following M. Jankins and W. D. Neumann’s Lectures on Seifert manifolds [7], we present a construction of such a
manifold.
Let S be a non-orientable surface of genus g, then S = S1#S2 where S1 is orientable and S2 is either P2 or P2#P2.
This follows from the Classification Theorem for surfaces, see L.C. Kinsey’s Topology of surfaces [8].
So then we can cut S along one or two simple closed curves so that it is decomposed into S1 and S2 or decomposed
into S1, S2 and S3. Here S1 is an orientable surface with one or two boundary components and S2 and S3 are Möbius
bands. In the first case see Figure 1, in the second see Figure 2.
Figure 1: A non-orientable surface decomposed into S1, an orientable surface with one boundary component, and S2, a
Möbius band.
Figure 2: A non-orientable surface decomposed into S1, an orientable surface with two boundary components, and S2
and S3, both Möbius bands.
By [7], there is a unique fibered and orientable 3-manifold that fibers over the Möbius band - it is the twisted I-bundle
over the Klein bottle fibered meridianally. This is double covered by S1 ×A, where A is an annulus. We let M2 fiber
over S2 and M3 fiber over S3. M1 is constructed by taking a trivially fibered S1 × S1 and drilling n fibers and refilling
according to the invariants (qi, pi).
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Now, M1 has a torus boundary and can be framed longitunally by a fiber and meridianally by a section to the bundle.
M2 has either one or two tori in its’ boundary and each can framed longitudinally by a fiber and meridianally by a
section to the bundle (necessarily before the drilling and filling).
The manifold M represented by
(g, n2|(q1, p1), . . . , (qn, pn)), qi > 0
is then obtained by gluing the torus boundaries of M1 and M2, or M1 and M2 and M3 by attaching longitudes to
longitudes and meridians to meridians. That is, according to the identity matrix between the first homology groups
generated by representatives of the longitudes and meridians.
We now consider a particular double cover of a Seifert manifold that fibers over a non-orientable base space. This
well known result is noted in W. D. Neumann and F. Raymond’s paper Seifert manifolds, plumbing, µ-invariant and
orientation reversing maps [9], but we show it here constructively as the construction is utilized later on in the proof of
our main result Theorem 3.1.
Proposition 2.1. M = (g + 1, n2|(q1, p1), . . . , (qn, pn)) is double covered by
M˜ = (g, o1|(q1, p1), (q1, p1), . . . , (qn, pn), (qn, pn)).
Proof. The underlying space of B˜ is a connected sum of g tori. We consider two cases, when g is even or odd.
Case 1: g is even
We cut the underlying space of B˜ along two simple closed curves to leave B˜1 ∼= A and B˜2, B˜3 which are connected
sums of g2 tori with a disc removed. See Figure 3 for the case where g = 2.
Figure 3: B˜ (in the case where g = 2) decomposed into B˜1, B˜2, B˜3. (Cone points not shown).
Now we can assume that the cone points of B˜ lie evenly between B˜2 and B˜3. So let M˜1 and M˜2, M˜3 be the cut
3-manifolds that fiber over B˜1 and B˜2, B˜3. Then M˜1 ∼= S1 × A and M˜2, M˜3 are constructed by taking a genus g2
surface with a disc removed crossing with S1 and replacing n fibers in each according to the given Seifert invariants.
So now M˜1 double covers the twisted I-bundle over the Klein bottle which we denote as M1. M˜2, M˜3 double cover the
manifold M2 obtained by taking a genus g2 surface with one disc removed cross S
1 and replacing n fibers according to
half of the given Seifert invariants. This in fact a 2-sheeted cover.
Regluing along the torus boundary gives the required double cover. The underlying surface ofB is therefore a connected
sum of P2 and a genus g2 surface. This is a connected sum of g + 1 copies of P
2.
Case 2: g is odd
This time, we cut the underlying space of B˜ along four simple closed curves to leave B˜1, B˜2 ∼= A and B˜3, B˜4 connected
sums of g−12 tori with two discs removed. See Figure 4 for the case where g = 3.
Figure 4: B˜ (in the case where g = 3) decomposed into B˜1, B˜2, B˜3, B˜4. (Cone points not shown)
Now we can again assume that the cone points of B˜ lie evenly between B˜3, B˜4. Label M˜1 and M˜2 as the cut 3-manifolds
that fiber over B˜1 and B˜2. Then M˜1, M˜2 ∼= S1 ×A. Label M˜3, M˜4 as the cut 3-manifolds that fiber over B˜3 and B˜4.
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Then M˜3, M˜4 are each constructed from taking a genus g−12 surface with two discs removed cross S
1 and replacing n
fibers according to the given Seifert invariants.
M˜1 and M˜2 double cover two disjoint twisted I-bundles over the Klein bottle which we denote as M1 and M2. M˜3
and M˜4 double cover the manifold M3 obtained by taking a genus g−12 surface with two discs removed cross S
1 and
replacing n fibers according to half of the given Seifert invariants. Again, this is in fact a 2-sheeted cover.
Regluing along the two torus boundaries gives the required double cover. The underlying surface of B is therefore a
connected sum of P2#P2 and a genus g−12 surface. This is a connected sum of g + 1 copies of P
2.
Example 2.1. This proposition is a general case of the known result of J. Kalliongis and R. Ohashi in Finite group
actions on prism manifolds which preserve a Heegaard Klein bottle [4], that a prism manifold M = (1, n2|(q, p)) is
double covered by a lens space M˜ = (0, o1|(q, p), (q, p)).
We henceforth use the term orientable base space double cover to indicate the double cover shown in the previous
proposition.
We now quote Theorem 1.1. from [9] regarding Seifert invariants:
Theorem 2.2. Let M and M ′ be two orientable Seifert manifolds with associated Seifert invariants
(g, o1|(q1, p1), . . . , (qs, ps)) and (g, o1|(q′1, p′1), . . . , (q′t, p′t)) respectively. Then M and M ′ are orientation-
preservingly diffeomorphic by a fiber-preserving diffeomorphism if and only if, after reindexing the Seifert pairs
if necessary, there exists an n such that:
i) qi = q′i for i = 1, . . . , n and qi = q
′
j = 1 for i, j > n
ii) pi ≡ p′i (mod qi) for i = 1, . . . , n
iii)
s∑
i=1
pi
qi
=
t∑
i=1
p′i
q′i
From this and Proposition 2.1, we get:
Corollary 2.3. Let M and M ′ be two orientable Seifert manifolds with associated Seifert invariants
(g, n2|(q1, p1), . . . , (qs, ps)) and (g, n2|(q′1, p′1), . . . , (q′t, p′t)) respectively. Then M and M ′ are orientation-
preservingly diffeomorphic by a fiber-preserving diffeomorphism if and only if, after reindexing the Seifert pairs
if necessary, there exists an n such that:
i) qi = q′i for i = 1, . . . , n and qi = q
′
j = 1 for i, j > n
i) pi ≡ p′i (mod qi) for i = 1, . . . , n
iii)
s∑
i=1
pi
qi
=
t∑
i=1
p′i
q′i
It is therefore possible to define the normalized form as (g, n2|(q1, p1), . . . , (qn, pn), (1, b)) where 0 < pi < qi and b is
an integer called the obstruction class.
3 Isomorphism between Diff fp+ (M) and Cent
fop
+ (τ)
The main goal of this section is to show a correspondence between the finite, fiber- and orientation-preserving actions
on M and a subset of the finite, fiber-preserving actions on M˜ , the orientable base space double cover.
We state and prove the following proposition which establishes a one-to-one correspondence between the finite, fiber-
preserving actions on M and the finite, fiber-orientation-preserving actions on M˜ that commute with the centralizer of
the covering translation, that is Centfop+ (τ) = {f ∈ Difffop+ (M˜)|f ◦ τ = τ ◦ f}.
Theorem 3.1. Let M be an orientable Seifert fibered manifold that fibers over an orbifold B that has non-orientable
underlying space and q : M˜ → M be the orientable base space double cover. Let the covering translation be
τ : M˜ → M˜ . Then there exists an isomorphism between Difffp+ (M) and Centfop+ (τ).
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Proof. We begin with the following diagram:
q
M ← M˜
p ↓ ↓ p˜
B ← B˜
qB
Here, p, p˜ are the bundle maps for M, M˜ respectively, and q, qB are the covering projections for M,B respectively.
The first thing to note is that the finite group actions on B are in one-to-one correspondence with the orientation-
preserving group actions on B˜. This is due to T.W. Tucker in his paper Finite groups acting on surfaces and the genus
of a group [10].
Now we pick f ∈ Difffp+ (M) and are required to find f˜ : M˜ → M˜ , which will be our desired lift of f .
Taking x˜0 ∈ M˜ , x0 = (f ◦ q)(x˜0) ∈M , and some lift x˜1 ∈ M˜ of x0 as basepoints of M and M˜ we have the following
diagram:
f˜
(M˜, x˜0) 99K (M˜, x˜1)
q ↓ ↓ q
(M, q(x˜0)) → (M,x0)
f
This induces the following diagram on the fundamental groups:
f˜∗
pi1(M˜, x˜0) 99K pi1(M˜, x˜1)
q0∗ ↓ ↓ q1∗
pi1(M, q(x˜0)) → pi1(M,x0)
f∗
We proceed to show that f∗(q0∗(pi1(M˜, x˜0))) ⊂ q1∗(pi1(M˜, x˜1)) which is the sufficient condition to lift f according to
the lifting criterion. For further reference, see A. Hatcher’s book Algebraic Topology [11].
We have that M = (g + 1, n2|(q1, p1), . . . , (qn, pn)) and break into the two cases where g is even and odd.
We use the notation and representation of the following fundamental groups from J. Hempel’s book 3-Manifolds [12],
as well as M. Boileau, S. Maillot, and J. Porti’s paper Three-dimensional orbifolds and their geometric structures [13].
Case 1: g is even
pi1(M,x0) =
〈
a1, b1 . . . , a g
2
, b g
2
, x, c1, . . . , cn, t|ait = tai, bit = tbi, cit = tci,
xt = t−1x, cqjj t
pj = 1, c1 · · · cn[a1, b1] · · · [a g
2
, b g
2
]x−2 = 1
〉
piorb1 (B, p(x0)) =
〈
a′1, b
′
1 . . . , a
′
g
2
, b′g
2
, x′, c′1, . . . , c
′
n|c′qjj = 1, c′1 · · · c′n[a′1, b′1] · · · [a′g2 , b
′
g
2
]x′−2 = 1
〉
Here we have that p∗(ai) = a′i, p∗(bi) = b
′
i, p∗(ci) = c
′
i, and p∗(x) = x
′.
The only generator of piorb1 (B, p(x0)) that represents an orientation-reversing loop is x
′. This follows from the fact that
piorb1 (B, p(x0)) is the fundamental group of the underlying space with the extra generators c1, . . . , cn and associated
relations. Then reference to a standard text on Algebraic Topology such as J. Munkres’ Topology [14] shows that the
fundamental group of a nonorientable surface without boundary can be generated a′1, b
′
1 . . . , a
′
g
2
, b′g
2
each of which can
be represented by orientation-preserving loops and x′ represented by an orientation-reversing loop. Note that c1, . . . , cn
are also represented by orientation-preserving loops.
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Case 2: g is odd
pi1(M,x0) =
〈
a1, b1 . . . , a g−1
2
, b g−1
2
, x, y, c1, . . . , cn, t|ait = tai, bit = tbi, cit = tci,
xt = t−1x, yt = ty, cqjj t
pj = 1, c1 · · · cn[a1, b1] · · · [a g−1
2
, b g−1
2
]xyx−1y = 1
〉
piorb1 (B, p(x0)) =
〈
a′1, b
′
1 . . . , a
′
g−1
2
, b′g−1
2
, x′, y′, c′1, . . . , c
′
n|c′qjj = 1,
c′1 · · · c′n[a′1, b′1] · · · [a′g−1
2
, b′g−1
2
]x′y′x′−1y′ = 1
〉
With p∗(ai) = a′i, p∗(bi) = b
′
i, p∗(ci) = c
′
i, p∗(x) = x
′ and p∗(y) = y′. Again, the only generator of piorb1 (B, p(x0))
that represents an orientation-reversing loop is x′.
We now consider the orientable base space double cover M˜ = (g, o1|(q1, p1), (q1, p1), . . . , (qn, pn), (qn, pn)) and
again using [12] we have:
pi1(M˜, x˜1) =
〈
a˜1, b˜1, . . . , a˜g, b˜g, c˜1, . . . , c˜2n, t˜|a˜it˜ = t˜a˜i, b˜it˜ = t˜b˜i,
c˜it˜ = t˜c˜i, c˜
qj
j t˜
pj = 1, c˜
qj
j+nt˜
pj = 1, c˜1 · · · c˜2n[a˜1, b˜1] · · · [a˜g, b˜g] = 1
〉
Note that the covering translation τ : M˜ → M˜ leaves invariant either a torus that separates M˜ into two diffeomorphic
halves or a pair of tori that together separate M˜ into two diffeomorphic halves. This is respectively in the cases where
the genus of B˜ is even or odd and follows from Proposition 2.1.
If we call these two halves M˜1 and M˜2, then τ : M˜ → M˜ exchanges M˜1 and M˜2. The restricted projection can then
be taken so that:
1. q1∗(t˜) = t and q
1
∗(c˜i) = ci for i = 1, . . . , n.
2. For g even, q1∗(a˜i) = ai and q
1
∗(b˜i) = bi for i = 1, . . . ,
g
2 .
3. For g odd, q1∗(a˜i) = ai, q
1
∗(b˜i) = bi for i = 1, . . . ,
g−1
2 and q
1
∗(a˜ g+1
2
) = x2, q1∗(b˜ g+1
2
) = y.
This again follows from Proposition 2.1 where we assume that the base point x˜1 lies in M˜1 and - for g even -
a˜1, b˜1, . . . , a˜ g
2
, b˜ g
2
, c˜1, . . . , c˜n, t˜ are represented by loops that lie in M˜1. For g odd, a˜1, b˜1, . . . , a˜ g−1
2
, b˜ g−1
2
, c˜1, . . . , c˜n, t˜
are represented by loops that lie in M˜1.
Now suppose that d˜ is one of a˜1, b˜1, . . . , a˜g, b˜g, c˜1, . . . , c˜2n and note that p∗(q1∗(d˜)) = pB∗(p˜∗(d˜)) cannot be orientation-
reversing as the only generator of piorb1 (B, p(x0)) that represents an orientation-reversing loop is x
′. Hence q1∗(d˜)
cannot be represented with a word involving a single power of x and therefore q1∗(pi1(M˜, x˜1)) has generators:
a1, b1 . . . , a g
2
, b g
2
, c1 . . . , cn
in the even case and:
a1, b1 . . . , a g
2
, b g
2
, c1 . . . , cn, y
in the odd.
We now consider f∗(q0∗(pi1(M˜, x˜0))) and use the following representation:
pi1(M˜, x˜0) =
〈
α˜1, β˜1, . . . , α˜g, β˜g, γ˜1, . . . , γ˜2n, δ˜|α˜iδ˜ = δ˜α˜i, β˜iδ˜ = δ˜β˜i,
γ˜iδ˜ = δ˜γ˜i, γ˜
qj
j δ˜
pj = 1, γ˜
qj
j+nδ˜
pj = 1, γ˜1 · · · γ˜2n[α˜1, β˜1] · · · [α˜g, β˜g] = 1
〉
For g even, as f is fiber-preserving and orientation-preserving, we have that f∗(q1∗(γ˜)) = t
±1 ∈ q0∗(pi1(M˜, x0)). Also,
f ◦ q will send each of α1, β1 . . . , α g
2
, β g
2
, γ1 . . . , γn to some word w on a1, b1 . . . , a g
2
, b g
2
, c1 . . . , cn multiplied by t
to some power. This follows from the fact that each of α1, β1 . . . , α g
2
, β g
2
, γ1 . . . , γn project to orientation-preserving
loops under q and f is orientation-preserving. Then wtd ∈ q0∗(pi1(M˜, x0)).
For g odd, f is fiber-preserving and orientation-preserving, we have that f∗(q1∗(γ˜)) = t
±1 ∈ q0∗(pi1(M˜, x0)). Also,
f ◦ q will send each of α1, β1 . . . , α g
2
, β g
2
, γ1 . . . , γn will be sent to some word w on a1, b1 . . . , a g
2
, b g
2
, c1 . . . , cn, y
multiplied by t to some power. This again follows from the fact that each of α1, β1 . . . , α g
2
, β g
2
, γ1 . . . , γn project to
orientation-preserving loops under q and f is orientation-preserving. Then wtd ∈ q0∗(pi1(M˜, x0)).
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So that f∗(q0∗(pi1(M˜, x˜0))) ⊂ q1∗(pi1(M˜, x˜1)) holds.
We have proved the existence of a lift, but now f can lift to some f˜ and f˜ ◦τ . Only one of these is orientation-preserving
on the base space. We take f˜ to be the lift that is orientation-preserving on the base space.
This defines the correspondence from Difffp+ (M) to Cent
fop
+ (τ).
We now show that this is a homomorphism. Take f1, f2 ∈ Difffp+ (M) and calculate:
q ◦ f˜1 ◦ f2 = f1 ◦ f2 ◦ q
= f1 ◦ q ◦ f˜2
= q ◦ f˜1 ◦ f˜2
It then follows that either f˜1 ◦ f2 = f˜1 ◦ f˜2 or f˜1 ◦ f2 = f˜1 ◦ f˜2 ◦ τ . The second case is not possible as we chose the
lift to be orientation-preserving on the base space.
Hence it is a homomorphism.
To see injectivity, note that (q ◦ id)(x) = (f ◦ q)(x) implies that q(x) = f(q(x)) and hence f = id.
For surjectivity, we note that as f˜ ∈ Centfop+ (τ) we can project to some f ∈ Difffp+ (M). This follows from standard
covering space theory, again see [14].
Hence there is an isomorphism from Centfop+ (τ) to Diff
fp
+ (M).
From this we directly yield the corollary:
Corollary 3.2. Let M be an orientable Seifert fibered manifold that fibers over an orbifold B that has non-orientable
underlying space and q : M˜ →M be the orientable base space double cover. Then there is a one-to-one correspondence
between the finite, orientation and fiber-preserving group actions on M and the finite orientation and fiber orientation-
preserving group actions on M˜ that commute with the covering translation τ : M˜ → M˜ .
4 Using previous results
We now give a summary of the construction of a finite, fiber- and orientation-preserving group action on a Seifert
manifold with orientable base space M = (g, o1|(q1, p1), . . . , (qn, pn)) given in [1]:
We decompose M into Mˆ and X where Mˆ ∼= S1 × F is trivially fibered and X is a disjoint union of n solid tori. We
then have a gluing map d : ∂X → ∂Mˆ , so that for a fibering product structure kMˆ : S1 × F → Mˆ , there is some
kX : S
1 × (D1 ∪ . . . ∪Dn) → X and restricted positively oriented product structures k∂Vi : S1 × S1 → ∂Vi and
kTi : S
1 × S1 → Ti such that (k−1Ti ◦ d|∂Vi ◦ k∂Vi)(u, v) = (uxivpi , uyivqi).
We pick a finite, fiber-preserving group action on Mˆ by first choosing some (not-necessarily effective) group action
ϕ1 : G→ Diff(S1). This will necessarily be of the form:
ϕ1(g)(u) = θ1(g)u
α(g)
Here θ1 : G→ S1 and α : G→ {−1, 1}.
We then choose a (not-necessarily effective) group action ϕ2 : G → Diff(F ) such that if we parameterize each
component of ∂F in the same way as in Section 2 and then express ∂F = {(v, i)|v ∈ S1, i ∈ {1, . . . , n}}, we can
write:
ϕ2(g)|∂F (v, i) = (θ2(i, g)vα(g), β(g)(i))
Here θ2 : {1, . . . , n} ×G→ S1, and β : G→ perm({1, . . . , n}) are such that β(g)(i) = j only if (qi, pi) = (qj , pj).
The precise nature of each of these maps is shown in [1].
Then we define our group action ϕ : G→ Diff(Mˆ) by:
(k−1
Mˆ
◦ ϕ(g) ◦ kMˆ )(u, x) = (ϕ1(g)(u), ϕ2(g)(x))
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So now we can fully express ϕ : G→ Diff(Mˆ) on the boundary of Mˆ by:
(k−1Tβ(g)(i) ◦ ϕ(g) ◦ kTi)(u, v) = (θ1(g)uα(g), θ2(i, g)vα(g))
So we can now induce an action on ∂X by:
ψ : G→ Diff(∂X), ψ(g) = d−1 ◦ ϕ(g)|∂Mˆ ◦ d
We here note that:
k−1X (X) = {(u, v, i)|u ∈ S1, v ∈ D, i ∈ {1, . . . , n}}
Where D is the unit disc. Hence the action ψ : G→ Diff(X) straightforwardly extends by coning inwards.
So now we have defined finite, fiber-preserving actions on Mˆ and X such that they agree under the gluing map
d : ∂X → ∂Mˆ . This completes the construction.
We define actions that can be constructed in this way as extended product actions.
We can now state the main result from [1]:
Theorem 4.1. Let M be an orientable Seifert 3-manifold that fibers over an orientable base space. Let ϕ : G →
Difffp+ (M) be a finite group action on M such that the obstruction class can expressed as
b =
m∑
i=1
(bi ·#Orbϕ(αi))
for a collection of fibers {α1, . . . , αm} and integers {b1, . . . , bm}. Then ϕ is an extended product action.
So now given an action ϕ˜ : G→ Difffop+ (M˜) that satsifies the obstruction condition in Theorem 4.1, we can yield a
decomposition of M˜ into ̂˜M and a collection of solid tori {V1, . . . , Vm} with a product structure k : S1 × F → ̂˜M .
Then there is a restricted action ̂˜ϕ : G→ Diff( ˆ˜M) such that each (k−1 ◦ ̂˜ϕ(g) ◦ k)(u, x) = (̂˜ϕ1(g)(u), ̂˜ϕ2(g)(x)) is
a product map.
This then leads us to the following result:
Theorem 4.2. Let M be an orientable Seifert fibered manifold that fibers over an orbifold B that has non-orientable
underlying space and obstruction class b. Let q : M˜ → M be the orientable base space double cover and let
ϕ˜ : G→ Difffop+ (M˜) satisfy the obstruction condition. Then ϕ˜ : G→ Difffop+ (M˜) is equivalent to an action that
commutes with the covering translation τ : M˜ → M˜ if and only if ̂˜ϕ1(g)(u) = (g)u for (g) = ±1.
Proof. τ : M˜ → M˜ is fiber-preserving, so we can consider the restricted map τˆ : ̂˜M → ̂˜M . This leaves a product
structure k′ : S1 × F → ̂˜M invariant by Theorem 4.4 in [1] (this result is an adaptation of Theorem 2.3 in P. Scott
and W. Meeks’ paper Finite group actions on 3-manifolds [15]). So now consider the equivalent action defined by
k′ ◦ k−1 ◦ ̂˜ϕ(g) ◦ k ◦ k′−1. We then have that:
k′−1 ◦ (k′ ◦ k−1 ◦ ̂˜ϕ(g) ◦ k ◦ k′−1) ◦ τˆ ◦ k′ = (k−1 ◦ ̂˜ϕ(g) ◦ k) ◦ (k′−1 ◦ τˆ ◦ k′)
k′−1 ◦ τˆ ◦ (k′ ◦ k−1 ◦ ̂˜ϕ(g) ◦ k ◦ k′−1) ◦ k′ = (k′−1 ◦ τˆ ◦ k′) ◦ (k−1 ◦ ̂˜ϕ(g) ◦ k)
Now:
(k−1 ◦ ̂˜ϕ(g) ◦ k) ◦ (k′−1 ◦ τˆ ◦ k′)(u, x) = (̂˜ϕ1(g)(u−1), ̂˜ϕ2(g)(τˆB(x)))
(k′−1 ◦ τˆ ◦ k′) ◦ (k−1 ◦ ̂˜ϕ(g) ◦ k)(u, x) = (̂˜ϕ1(g)(u)−1, τˆB(̂˜ϕ2(g)(x)))
These are equal for all (u, x) if and only if ̂˜ϕ1(g)(u) = (g)u for (g) = ±1 (noting that the orientation of the fibers is
preserved) and ϕ˜2(g) commutes with the induced covering translation τB : B˜ → B˜. This second is true again by [10].
By extension across the fillings, it follows that there is an action equivalent to ϕ that commutes with τ .
Corollary 4.3. Let M be an orientable Seifert fibered manifold that fibers over an orbifold that has underlying space
the real projective plane P2 and obstruction class b. Let q : M˜ →M be the orientable base space double cover and let
ϕ˜ : G→ Difffop+ (M˜) satisfy the obstruction condition. Then ϕ˜ : G→ Difffop+ (M˜) is equivalent to an action that
commutes with the covering translation τ : M˜ → M˜ if and only if ̂˜ϕ1(g)(u) = (g)u for (g) = ±1.
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Proof. This follows directly as an application of Theorem 4.2.
It can be seen that the obstruction condition will always be satisfied in the above corollary as the obstruction class for
the orientable double cover is always even. This will be established in a future paper dealing with the specific case
when the Seifert manifold fibers over an orbifold with underlying elliptic surface (S2 or P2).
So we can now use these corollaries and Theorem 3.1 to see that given a finite fiber- and orientation-preserving action
on an orientable Seifert manifold with non-orientable base space, the action can be constructed as a projected action of
the extended product action type shown in [1], provided the lifted action satisfies the obstruction condition.
We call such actions projected extended product actions.
We give an example to illustrate this:
Example 4.1. We consider the prism manifoldM = (1, n2|(q, p)). This manifold fibers over the nonorientable orbifold
P2(m). M is double covered by a lens space M˜ = (0, o1|(q, p), (q, p)). So then given an a fiber- and orientation-
preserving action ϕ : G → Difffp+ (M), we can use Theorem 3.1 to derive a unique action ϕ˜ : G → Difffp+ (M˜)
with ϕ˜(G) ⊂ Centfop+ (τ).
Then, noting that the obstruction class of M˜ is 2b if the obstruction class of M is b, ϕ˜ can be constructed as an extended
product action if it satisfies the obstruction condition.
Then ϕ can be constructed as a projected extended product action.
5 Group structures
We now establish the specific structure of the groups that act in the constructed manner by using the following
proposition from [1].
Proposition 5.1. Suppose that ϕ : G → Diff(S1) × Diff(F ) is a finite group action with ϕ(g)(u, x) =
(ϕS1(g)(u), ϕF (g)(x)) such that ϕS1(g) is orientation-preserving if and only if ϕF (g) is orientation-preserving.
Suppose that there exists g− ∈ G such that ϕS1(g−) is orientation-reversing and g2− = 1. Then G is isomorphic to a
subgroup of a semidirect product of Zn × ϕF (G)+ and Z2.
From this, we yield the following corollaries:
Corollary 5.2. Suppose that ϕ : G → Diff(S1) × Diff(F ) is a finite group action with ϕ(g)(u, x) =
(ϕS1(g)(u), ϕF (g)(x)) such that both ϕS1 and ϕF are orientation-preserving. Then G is isomorphic to a subgroup of
Zn × ϕF (G).
Proof. This follows directly from the proof of Proposition 5.1 in [1].
Corollary 5.3. Suppose that ϕ : G→ Diff(M) is a finite group action on an orientable Seifert manifold with a non-
orientable base space. Then provided that the unique lifted group action ϕ˜ : G→ Diff(M˜) satisfies the obstruction
condition, G is isomorphic to a subgroup of Z2 ×H where H is a finite group that acts orientation-preservingly on the
orientable base space of M˜ .
Proof. This follows from Corollary 5.2 and Theorem 4.2.
6 Summary
To summarize this paper, we have presented a unique orientable base space double cover that allows us to extend
our previous results. In particular we used this to show an isomorphism between Centfop+ (τ) to Diff
fp
+ (M). This
in turn allowed us to consider the finite, fiber- and orientation-preserving actions on M by considering the finite,
fiber-orientation-preserving actions on M˜ that commute with the covering translation. Our final corollary then showed
that the groups must be isomorphic to a subgroup of Z2×H where H is a finite group that acts orientation-preservingly
on the orientable base space of M˜ .
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